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According to the Goldstone theorem the breaking of a continuous U(1) symmetry comes along
with the existence of low-energy collective modes. In the context of superconductivity these excita-
tions are related to the phase of the superconducting (SC) order parameter and for clean systems are
optically inactive. Here we show that for strongly disordered superconductors phase modes acquire
a dipole moment and appear as a subgap spectral feature in the optical conductivity. This finding
is obtained with both a gauge-invariant random-phase approximation scheme based on a fermionic
Bogoliubov-de Gennes state as well as with a prototypical bosonic model for disordered supercon-
ductors. In the strongly disordered regime, where the system displays an effective granularity of
the SC properties, the optically active dipoles are linked to the isolated SC islands, offering a new
perspective for realizing microwave optical devices.
PACS numbers: 74.20.-z,74.25.Gz, 74.62.En
I. INTRODUCTION
In the last decades the failure of the BCS paradigm of
superconductivity in several materials led to a profound
modification of the description of the superconducting
(SC) phenomenon itself. A case in point is the occurrence
of Cooper pairing and phase coherence at distinct tem-
peratures, associated respectively with the appearance of
a single-particle gap ∆ and a non-zero superfluid stiffness
Ds. This behavior is observed, e.g., in high-temperature
cuprate superconductors1,2, strongly-disordered films of
conventional superconductors3–8 and recently also in SC
heterostructures9. In all these materials the BCS predic-
tion that Ds is of order of the Fermi energy, much larger
than ∆ ∼ Tc, is violated due to the strong suppression
of Ds. The resulting scenario, supported by systematic
tunneling measurements, suggests that pairing survives
above Tc, leading to a pseudogap state dominated by
phase fluctuations enhanced by the low Ds value.
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In all this, optics represents a preferential playground
to address the peculiar role of disorder. Indeed, as we
show in this Communication, disorder renders collective
modes - optically inactive in a clean superconductor -
visible. By analyzing a prototype fermionic model, the
attractive Hubbard model with on-site disorder11–16, we
reveal that thanks to the breaking of translational invari-
ance the collective modes couple to light via an interme-
diate particle-hole excitation process. Most remarkably,
this coupling leads to the emergence of additional optical
absorption, mainly due to phase modes, below the BCS-
like threshold for a photon to break apart a Cooper pair,
in agreement with recent experimental observations17,18.
Deeper insight into the nature of this disorder-induced
optical response is then gained through a compari-
son with the XY model in transverse random field.
Within this effective bosonic description of disordered
superconductors19,20 we show explicitly how the local in-
homogeneity of the superfluid stiffness leads to a finite
electric dipole for the phase modes. At strong disorder,
where the system segregates into SC islands of tens of
nanometers,5,8,15,16 the SC dc current flows along prefer-
ential percolative paths through the good SC regions16.
As a consequence the finite-frequency optical absorption
occurs in the remaining isolated SC regions, thanks to the
presence of a finite phase difference between the opposite
sides of the islands, which then act as nano-antennas.
This nano-scale selective optical effect, that we propose
to test via microscopic imaging21, can be used to tune
the resonant frequency and the quality factor of super-
conducting microresonators.22
II. FERMIONIC MODEL
The model Hamiltonian we consider to investigate
a disordered superconductor is the attractive Hubbard
model (U < 0) with local disorder Vi ∈ [−V, V ] and hop-
ping t restricted to nearest-neighbors,
H = −t
∑
〈ij〉σ
(c†iσcjσ+h.c.)+U
∑
i
ni↑ni↓+
∑
iσ
Viniσ (1)
which we solve in mean-field on a N ≡ Nx × Ny lattice
(up to N = 20 × 20 with periodic boundary conditions)
by using the BdG approach23,24. The total current in
direction α is defined as usual as:
Jα(q, ω) = −e2Kαβ(q, ω)Aβ(q, ω), (2)
Kαβ(q, ω) = Dδαβ − χαβ(q, ω) . (3)
Here D = −tN
∑
n,σ
〈(
c†n,σcn+αˆσ + h.c.
)〉
is the diamag-
netic term, where 〈. . . 〉 denotes the thermal and disorder
average, which restores the translational invariance for
model (1), allowing one to define the Fourier transform
χαβ(q, ω) of the correlation function for the paramag-
netic current jαn = −it
∑
σ
[
c†nσcn+αˆ,σ − c†n+αˆ,σcnσ
]
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FIG. 1: Schematic of the optical absorption σS/σN (S=SC,
N=normal state) in a disordered superconductor. In the BCS
approach (left) only the single-particle excitations across the
SC gap 2∆ (a) are included, corresponding to the bare-bubble
approximation (b) for the current-current response function.
The resulting optical conductivity (c) consists of a delta peak
at ω = 0 of weight DBCSs (arrow) plus a regular part (solid
line) starting at ω = 2∆. When vertex corrections are in-
cluded (right) an excited quasiparticle can be converted in a
collective mode (a), described in the diagrammatic approach
(b) by the RPA resummations of the corresponding ampli-
tude, phase or density fluctuations. An additional absorption
appears at energies ω < 2∆ (c), corresponding to a superfluid
peak at ω = 0 with strength Ds < D
BCS
s .
a superconductor the superfluid stiffness is defined by the
transverse q→ 0 limit of Eq. (2). For example, for a field
along the x direction one has Jx = −e2DsAx where
Ds = D − Reχxx(qx = 0, qy → 0, ω = 0). (4)
The optical conductivity is obtained from Eq. (2) by as-
suming a homogeneous vector potential, so that Ax(ω) =
Ex(ω)/iω and the real part of the optical conductivity is
σ(ω) = −e2Re Kxx(q=0,ω)i(ω+i0+) , leading to
σ(ω) = e2piδ(ω) [D − Reχxx(0, ω)] + e2 Imχxx(0, ω)
ω
≡ e2piDsδ(ω) + σreg(ω) (5)
where we separeted explicitly the superfluid response at
ω = 0 from the regular part σreg occurring at finite fre-
quency. By using the Kramers-Kronig relations for the
χxx one then finds the well-know optical sum rule∫ ∞
0
dωσ(ω) =
pie2
2
Ds +
∫ ∞
0+
σreg(ω) =
pie2
2
D. (6)
The above Eq. (6) shows that any paramagnetic process
described by σreg leads to a suppression of the super-
fluid stiffness with respect to the diamagnetic term D,
which at small density and weak interactions reduces to
the usual form D ' n/m. In the BCS theory χ ≡ χ0
is computed in the so-called bare-bubble approximation
(see Fig. 1b, left)23, in which one includes only particle-
hole excitations on top of the BCS ground state. At
T = 0 these excitations are exponentially suppressed by
the opening of the gap, so that the optical absorption is
possible only above the threshold to break a Cooper pair,
i.e. at ω > ωpair = 2∆ (see Fig. 1c, left). Provided that
ωpair is smaller than the inverse lifetime of quasiparticles
the resulting σBCSreg (ω) is given by the well-known Mattis-
Bardeen formula25, and the superfluid stiffness DBCSs is
smaller than D already at T = 0. In the following we will
show that also collective modes, neglected in the BCS
approach, give rise to a finite contribution to σreg(ω) at
strong disorder, that is located mainly below ωpair (see
Fig. 1c, right). This additional optical absorption is ac-
companied by a further reduction of Ds with respect to
DBCSs
16, that has been experimentally reported4,26,30.
The full optical response beyond BCS level can be com-
puted by including vertex corrections23, that also guaran-
tee full gauge invariance of the theory23,27. The current-
current correlation function χ can then be expressed in
a compact form as (see App. A):
χ = χ0 + Λˆ
TV [1− Πˆ0V ]−1Λˆ (7)
where Λˆ is the vector containing the correlation func-
tions that couple the current jαn to collective modes, i.e.
particle-particle (amplitude and phase) and density fluc-
tuations, described by the RPA resummation of the bare
susceptibility Πˆ0, see Fig. 1b right. The Vˆ and Πˆ0 are
matrices both in real space and in the phase space of
collective modes, and translational invariance for χ is re-
covered after average over disorder configurations. In the
clean case collective modes contribute only to the lon-
gitudinal response at finite q23,27. In contrast, disorder
renders the Λˆ susceptibilities finite even for a q = 0 exter-
nal perturbation, so that the collective modes contribute
to the optical response. Notice that this optical mecha-
nism is similar to the one discussed recently for few-layer
graphene28 to explain the huge infrared-phonons peaks29.
In that case doping activates the intermediate particle-
hole process, analogously to what disorder does in our
problem.
The results for the optical conductivity at finite fre-
quency for two representative values of coupling U and
disorder are shown in Fig. 2, along with their BCS coun-
terparts. As one can see, the major differences between
the two appear below the scale ωpair = 2∆, marked with
a dashed line. Notice that in the model (1) the spec-
tral gap ∆ in the single-particle excitations remains fi-
nite (and relatively large) at strong disorder, as it has
been discussed previously11,12,15. As a consequence, the
BCS calculation always shows a finite threshold at ωpair,
with a profile that coincides at low disorder with the
Mattis-Bardeen prediction25. In contrast, the full re-
sponse extends also below ωpair, with a shape and inten-
sity that depend both on the SC coupling U and disorder.
This result can explain the residual optical absorption
in the microwave regime17,18 and deviations from BCS
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FIG. 2: σ(ω) in units of σ0 ≡ e2/~ for the fermionic model
(1). Here N = and we averaged over ... disorder configura-
tions. The main panels report the curves without (thin, red)
and with (thick, black) vertex corrections, while the dashed
vertical lines mark ωpair = 2∆. Insets: zoom of the low-
energy part along with the results of the bosonic model (8)
(dashed lines), with W,J parameters assigned as described in
the text.
theory4,26,30 observed recently at strong disorder. In par-
ticular, the smearing of the ωpair treshold due the pres-
ence of a dissipative channel associated to phase modes
can lead to an apparent optical gap smaller than the one
measured by STM, explaining the puzzling results of Ref.
[18]. At the same time this effect can influence the per-
formance of superconducting microwave devices, a field
that has grown dramatically over the past decade22. Fi-
nally, two remarks are in order with respect to the results
of Fig. 2. First of all, we checked that even though all
the collective modes enter in the full response, the main
contribution to σreg(ω) at low energy stems from phase
fluctuations. This is shown explicitly in Fig. 3, where
σreg(ω) has been computed by including only the phase-
current vertex in Eq. 7 (see Appendix A). Second, one
could wonder what happens when the Coulomb interac-
tion, neglected in the present calculations, is taken into
account. Indeed, one usually expects that the presence of
long-range interactions the sound-like dispersion of phase
modes is converted into a plasmonic one.27 However, we
do not expect that this result will spoil our conclusions:
indeed, while plasmonic modes appear in the longitudi-
nal response, the transverse optical response, which is the
one discussed here, should be anyway screened, as shown
explicitly in the weakly-disordered case in Ref. [31].
III. BOSONIC MODEL
To systematically address the structure of the phase
excitations responsible for the sub-gap absorption we
compute the optical conductivity also within an effective
FIG. 3: Comparison between σ(ω) computed using the full
gauge-invariant response (solid line, black) and the contribu-
tion of phase fluctuations only (dashed line, red) (see Ap-
pendix A). The results of Fig. 2 for the bosonic model (8)
(dotted line, blue) are reported as well.
bosonic model for the disordered superconductor, i.e. the
XY spin 1/2 model in a transverse random field19:
HPS ≡ −2
∑
i
ξiS
z
i − 2J
∑
〈i,j〉
(
S+i S
−
j + h.c.
)
. (8)
In the pseudo-spin language Sz = ±1/2 corresponds to
a site occupied or unoccupied by a Cooper pair, while
superconductivity corresponds to a spontaneous in-plane
magnetization, e.g. 〈Sxi 〉 6= 0. Disorder is represented
by the random transverse field ξi, box distributed be-
tween −W and W . The optical response of classical32
and quantum33 XY -like models has been addressed pre-
viously, by introducing disorder in the coupling J . The
model (8) focuses instead on the competition between
pair hopping (J) and localization (W )19,34–36, that has
been recently proven successfull5,35 to describe the STM
experimental results in the SC phase near the SIT. We
first solve the model (8) in mean-field to determine
〈Sxi 〉 = 12 sin θi and then rotate to the local coordinate
system such that the new z-axis is S˜zi = S
z
i cos θi +
Sxi sin θi. At strong disorder the SC order parameter de-
velops an inhomogeneous spatial distribution, with SC
islands embedded in an insulating background (cfr Fig.
6 below), in analogy both with the fermionic model
(1)11,12,16 and with tunnelling experiments5,8. Small
fluctuations with respect to the mean-field configura-
tion can be described by means of a Holstein-Primakov
(HP) scheme, where spins are bosonized as usual as
S˜zi = 1/2 − a+i ai, S˜+i ' ai and S˜−i ' a+i . Here we have
defined S˜±i = S˜
x
i ± iS˜yi with S˜xi = −Szi sin θi + Sxi cos θi
and S˜yi = S
y
i being orthogonal to the local quantiza-
tion axis. The Hamiltonian (8) is then mapped into
a quadratic model HPS = EMF + H′PS that can be
diagonalized by means of a Bogoliubov transformation
4ai =
∑
α
(
uαiγα + vαiγ
†
α
)
:
H′PS =
∑
ij
[
Aij(a
†
iaj + h.c.) +
1
2
Bij (aiaj + h.c.)
]
=
∑
α
Eαγ
†
αγα + const. (9)
Here Aij = 2δijξi/ cos θi−J(1+cos θi cos θj)(1−δij) and
Bij = J(1 − cos θi cos θj)(1 − δij) are the matrices that
enter in the eigenvalue problem for the excitation energies
Eα
37. The equivalence between the HP excitations and
the SC phase excitations at Gaussian level can be made
explicit by the identification of the phase operators Φi
and their conjugated momenta Li,
Φi = −2 S
y
i
sin θi
=
∑
α
i
φαi√
2
(γ†α − γα), (10)
Li = S
⊥
i sin θi =
∑
α
`αi√
2
(γ†α + γα), (11)
where φαi =
√
2 (vαi − uαi) / sin θi and `αi =
(uαi + vαi) sin θi/
√
2. The fluctuation part of the Hamil-
tonian (9) can then be expressed as:
H′PS =
1
2
∑
i,µ=x,y
Jµi [∆µΦi]
2
+
1
2
∑
ij
X−1ij LiLj (12)
where Jµi ≡ J sin θi sin θi+µˆ are the local stiffnesses of the
disordered superconductor, ∆µ is the discrete derivative
in the µ direction and X−1ij = 2(Aij +Bij)/ sin θi sin θj is
the inverse matrix of the compressibilities. Consistently
with the identification (10) the usual Peierls coupling
to the gauge field in the pseudospin model (8) corre-
sponds to the replacement S+i S
−
i+µ → S+i S−i+µe−2ieAµ ,
with a factor of 2 accounting for the double charge
of each Cooper pair. This leads in Eq. (12) to the
shift ∆µΦi → ∆µΦi − 2eAµ, i.e. the usual minimal-
coupling scheme. The real part of the optical conductiv-
ity for the bosonic model (8) is then easily obtained as
σB(ω) = e2piδ(ω)DBs + σ
B
reg(ω) with
DBs = D
B − 1
N
∑
α
Zα (13)
σBreg(ω) =
e2pi
2N
∑
α
Zα [δ(ω + Eα) + δ(ω − Eα)] ,(14)
where DB = (1/N)
∑
i 4J
µ
i is the diamagnetic term of
the bosonic model (8), µ = x for instance and the effec-
tive dipole Zα of each excitation mode is
Zα =
1
Eα
[∑
i
2Jµi ∆µφαi
]2
. (15)
For a uniform stiffness (Jµi =const) one finds that Zα
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FIG. 4: σreg(ω)/σ0 for the bosonic model (8) at different
values of W/J . The lattice size is N = 50 × 50 and the
average is taken over 100 disorder configurations. Inset: dis-
order dependence of the diamagnetic term DB , the superfluid
stiffness DBs and the total spectral weight
∫∞
0+
dωσreg(ω) =
(pi/2)(DB −DBs ) in units of J .
is proportional to the total derivative of the phase mod-
ulation, which then vanishes for periodic boundary con-
ditions. Thus, the inhomogeneity of Jµi induced by dis-
order is a crucial prerequisite to obtain a finite electric
dipole, responsible for the σreg(ω) shown in Fig. 4. As
one can see, the optical response moves towards decreas-
ing energies for increasing disorder (i.e. W/J), and its
total spectral weight
∫∞
0+
dωσreg(ω) = (pi/2)(D
B − DBs )
[see Eq. (13)-(14)] first increases, due to the disorder-
tuned optical absorption at finite ω, and then decreases
again, due to the strong suppression by disorder of the
diamagnetic term DB itself (see inset Fig. 4). Notice
that the decrease of DB with increasing disorder reflects
the suppression of the local order parameter, encoded in
the fermionic language (1) in the suppression of the BCS
stiffness DBCSs . This analogy can be used to obtain a
quantitative comparison between the fermionic and the
bosonic approach, by fixing W/J of the model (8) in or-
der to reproduce DBs /D
B = Ds/D
BCS
s . In this way we
can account in both models for the same transfer of spec-
tral weight from ω = 0 to σreg(ω) (see Appendix B). The
results are shown in the insets of Fig. 2 and in Fig. 3:
as one can see, at large U the bosonic model reproduces
in a quantitative way the characteristic energy scales for
optical absorption in the fermionic model. At weaker
coupling the comparison is instead only qualitative, due
partly to the difficulties of clearly separating the contri-
bution of quasiparticles and collective modes.
Let us finally analyze the connection between the opti-
cal response and the inhomogeneous spatial distribution
of the SC properties. The optical response (14) is pro-
portional to the density of states of phase modes N(ω),
weighted by the effective dipole function Zα of Eq. (15).
Both quantities depend on disorder, as it is shown in Fig.
50 5 10 150
0.04
0.08
0.12
N
(ω
)
N(ω)
ω/J, E
α
/J
0
0.2
0.4
0.6
0.8
1
Z/
J
Z
α
0 10 20 30 40
ω/J, E
α
/J
0
0.04
0.08
0.12
N
(ω
)
20 40 60 80 100
Site i
-3
-2
-1
0
1
2
3
φ α
0
0.5
1
1.5
2
J ix
/J
0
0.2
0.4
0.6
0.8
1
Z/
J
W/J=5.6 W/J=18 (b)
(c)
E
α
/J=0.26, Z
α
/J<0.01
(a)
E
α
/J=0.53, Z
α
/J<0.01
E
α
/J=0.34, Z
α
/J=0.35
E
α
/J=0.35, Z
α
/J=0.1
W/J=4
FIG. 5: (a)-(b) Density of phase modes N(ω) and effective
dipole Zα at two values of disorder (averaged over 100 disor-
der configurations). (c) Spatial structure of the phase modes
in the one-dimensional case at selected energies for a given dis-
order realization, along with the spatial variations of the stiff-
ness Jxi , represented with bars. The largest effective dipole is
realized for the blue and orange excitations, whose monotonic
phase variations overlap with a region of large local stiffness.
5a,b, and in general the 1/Eα prefactor of Eq. (15) fa-
vors a larger dipole for lower-energy modes. In addition
at strong disorder, when the system segregates into SC
islands with large local stiffness J iµ, the optical absorp-
tion is large when the phase excitations occur inside the
SC regions, according to Eq. (15). This effect can be bet-
ter visualized in a one-dimensional version of the model
(8), as it is shown in panel (c) of Fig. 5. Here one can
clearly see that the largest optical dipole is realized when
a monotonic phase variation overlaps with a good SC re-
gion. Since the charge is the conjugate variable of the
phase gradients, one then realizes a charge unbalance on
the two sides of the island, making it optically active.
At strong disorder this space-selective optical absorp-
tion is strictly connected to the emergence of percolative
paths for the superfluid currents, analogous to the ones
discussed in Ref. [16] for the fermionic model (1). In
Fig. 6 we show at two values of W/J the currents in the
presence of a finite applied field A = −Axˆ for a given dis-
order configuration, superimposed to the map of the local
stiffnessess Jxi . Since J
x
i is a measure of the local dia-
magnetic response, a small current occurring over a good
SC region is due to a large local paramagnetic response,
i.e. to an optical absorption at finite frequencies. At
strong disorder the percolative supercurrent paths leave
aside several isolated SC islands, which then contribute
to σreg(ω) thanks to the dipole-activation mechanism ex-
plained above.
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FIG. 6: Local supercurrents (arrows) for an applied field A =
−Axˆ superimposed over the map of the local stiffnesses Jxi /J
for a given disorder realization and two values of W/J . The
size of the arrows is proportional to the strenght of the total
local current, whose diamagnetic contribution is proportional
to the local stiffness displayed in the underlying map. The
current flows along preferential paths connecting the regions
with large Jxi . This means that the isolated SC islands, i.e.
those which reside far from the main percolative paths of the
current, have a large paramagnetic response responsible for
the absorption at finite frequencies. For example, for W/J =
18 all the diamagnetic contribution of the white regions on
the bottom of the map is transferred to σreg(ω).
IV. CONCLUSIONS
In summary, we computed the optical response due
to collective modes in two prototype fermionic and
bosonic models for disordered superconductors. In both
cases we find that disorder renders phase fluctuations
optically active, in a range of energies that lies be-
low the threshold for single-particle excitations for the
fermionic case. The bosonic approach allows us to es-
tablish a clear correspondence between the optical re-
sponse and the spatial inhomogeneity of the SC order pa-
rameter, showing that optical absorption stems predom-
inantly from phase fluctuations within the good SC re-
gions. Besides explaining recent experiments in strongly-
disordered superconductors17,18,26,30 our results could be
further checked experimentally by means of near-field
scanning microwave impedance microscopy21. Indeed,
the proposed mechanism of direct correspondence be-
tween the SC granularity and optical absorption, evi-
denced in Fig. 6, can be potentially mapped out by this
technique, able to resolve spatial variations at length
scales well below the radiation wavelength. In this re-
spect the variation of the microwave optical properties
of disordered superconductors at the nanoscale can be
used to improve the performance of SC microresonators
built in standard geometries, or even to design new
nano-electric devices targeted for space- and frequency-
selective applications.
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Appendix A: Optical conductivity for the fermionic
model
In order to compute fluctuations on top of the inhomo-
geneous BdG ground state we evaluate dynamical corre-
lation functions
χnm(Xˆ, Yˆ ) = −i
∫
dteiωt〈T Xˆn(t)Yˆm(0)〉 (A1)
where Xˆ,Yˆ correspond to either pair or charge fluctu-
ation operators, i.e. δ∆i ≡ ci↓ci↑ − 〈ci↓ci↑〉0, δ∆†i ≡
c†i↑c
†
i↓ − 〈c†i↑c†i↓〉0 and δni ≡
∑
σ
(
c†iσciσ − 〈c†iσciσ〉0
)
.
Here and in the following a nought sub- or superscript
denotes evaluation in the BdG ground state.
The local interactions between pair (Uδ∆†i δ∆i,
Uδ∆iδ∆
†
i ) and charge (U/2δniδni) fluctuations are con-
tained in the matrix V so that the resummation
χ =
[
1− χ0V
]−1
χ0 (A2)
allows to compute the dynamical amplitude Ai ≡ (δ∆i+
δ∆†i )/
√
2 and phase Φi ≡ (δ∆i − δ∆†i )/
√
2 correlations.
Vertex corrections to the bare current-current corre-
lation function χ0nm(j
α, jβ) can be obtained by defining
Λαnm = χ
0
nm(j
α, Yˆ ) and Λ
α
mn = χ
0
mn(Yˆ , j
α) which cou-
ple the current jαn between sites Rn and Rn+αˆ to the
pair and charge fluctuations Yˆm ≡ (Am,Φm, δnm). The
full (gauge invariant) current correlation function is then
obtained from
χnm(j
α
n , j
β
m) = χ
0
nm(j
α
n , j
β
m) + Λ
α
nmVmkΛ
β
km
+ ΛαnmVmkχklVlsΛ
β
sm
= χ0nm(j
α
n , j
β
m)
+ ΛαnmVmk
[
1− χ0V
]−1
kl
Λ
β
lm . (A3)
The average over several disorder configurations (typi-
cally 50 − 70) restores translational invariance for χnm,
so that σ(ω) can be computed according to Eq. (5). The
predominant role of phase fluctuations for the subgap op-
tical response is demonstrated in Fig. 3. Here the dashed
lines correspond to σ(ω) computed by including only the
phase-current vertex in Eq. A3, whereas the solid lines
correspond to the full optical conductivity, dressed by all
the collective modes.
Appendix B: Comparison between the bosonic and
fermionic model
In order to make a quantitative comparison between
the bosonic and fermionic models we propose a scheme
based on the equivalence of the optical spectral weight
due to collective modes in both models. In the fermionic
model the diamagnetic term D is only weakly dependent
on disorder. On the other hand, the BCS estimate of
the superfluid density DBCSs is strongly suppressed due
to the enhanced paramagnetic contribution of quasipar-
ticles. In the bosonic model quasiparticle excitations are
not present: however, the localization effects due to dis-
order are taken into account in the effective local stiff-
nesses Jµi , which enter in the bosonic diamagnetic term
DB . Any additional correction due to phase fluctua-
tions is encoded in the ratio Ds/D
BCS
s or D
B
s /D
B for
the fermionic or bosonic model, respectively. The ratio
Ds/D
BCS
s measures also the relative strength of the sub-
gap optical response with respect to the BCS-like part.
However, since this one is also slightly modified by ver-
tex corrections, especially at weak coupling (see red and
black lines in Fig. 2), we estimate an effective D˜BCSs from
the integrated spectral weight at ω > 2∆ of the full op-
tical conductivity. Thus, for a given U in the fermionic
model (1) we determine W/J in the bosonic model (8) in
order to have DBs /D
B = Ds/D˜
BCS
s . This establishes a
rescaling function α such that W/J = α(V0/t). We then
fix a factor γ (J = γt) such that DB/J = D˜BCSs /γt, and
we then plot σreg as a function of ω/t as shown in the
insets of Fig. 2. This procedure reveals that already for
U/t = 5, i.e in the intermediate-coupling regime, the ra-
tio J/t obtained in this way is very similar to the value
J/t ∼ t/U predicted by the exact mapping of the clean
attractive Hubbard model onto the pseudospin model20.
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